Customarily, in-plane auxeticity and synclastic bending behavior (i.e. out-of-plane auxeticity) are not independent, being the latter a manifestation of the former. Basically, this is a feature of three-dimensional bodies. At variance, two-dimensional bodies have more freedom to deform than three-dimensional ones. Here, we exploit this peculiarity and propose a two-dimensional honeycomb structure with out-of-plane auxetic behavior opposite to the in-plane one. With a suitable choice of the lattice constitutive parameters, in its continuum description such a structure can achieve the whole range of values for the bending Poisson coefficient, while retaining a membranal Poisson coefficient equal to 1. In particular, this structure can reach the extreme values, −1 and +1, of the bending Poisson coefficient. Analytical calculations are supported by numerical simulations, showing the accuracy of the continuum formulas in predicting the response of the discrete structure.
Introduction
When materials with positive Poisson ratio are uniaxially stretched, they shrink in directions transversal to the applied load and when compressed they expand transversally. For this reason, in a plate regarded as a thin three-dimensional body the bending in one direction induces a bending with an opposite curvature in the transversal direction. This anticlastic behavior of a plate is well known and is simply explained by observing that the "main" bending produces compressions in, say, the upper half of the plate and tractions in the lower part. Thence, the upper part tends to expand transversally, while the lower part tends to shrink, and this is naturally achieved with a bending in the transversal direction with a curvature of opposite sign with respect to that in the "main" bending direction.
Materials with negative Poisson ratio are called auxetic and have a behavior that is "opposite" to that of non-auxetic materials, described above. In particular, auxetic materials have a synclastic plate behavior.
For three-dimensional bodies, the sign of the Poisson ratio determines the synclastic or anticlastic plate behavior. This is not the case for two-dimensional bodies deforming in the three-dimensional space: roughly speaking, because there is no upper and lower region that is compressed or stretched due to bending. In two-dimensional bodies the in-plane deformations yield situations that are naturally related to those of a classical continuum, and one may define a Poisson ratio as the negative of the ratio of the transversal strain to the axial strain for a uniaxial stress state. Such a ratio was called membranal Poisson coefficient in [9] . Thus, as explained above, the membranal Poisson coefficient does not determine the synclastic/anticlastic plate behavior. For the out-of-plane deformations of a two-dimensional body, on the contrary, there is no natural resemblance with what occurs in mechanics of ordinary continua; for instance, it is necessary to account for the dependence of the mechanical response upon higher order strain measures, e.g., upon curvatures. Therefore, the introduction of a Poisson coefficient that applies to this class of deformations needs an independent definition. Here, we choose to define it as minus the ratio between the principal curvatures in states of uniaxial bending and call it bending Poisson coefficient, as done in [9] . Hence a positive (negative) bending Poisson coefficient is synonymous of anticlastic (synclastic) plate behavior.
By deducing the model from a micro-mechanic approach, see for instance [11] for the case of graphene, it can be shown that membranal and bending Poisson coefficients do describe different mechanical properties and can be regarded as distinct material parameters. Then, with two types of Poisson coefficients it is natural to define two auxetic classes: twodimensional materials with a negative membranal Poisson coefficient are said to have an auxetic in-plane behavior, and materials with a negative bending Poisson coefficient are said to have an auxetic out-of-plane behavior.
As the title pre-announces, we here show how to design a two-dimensional material with a microstructure that leads to a non-auxetic in-plane behavior and an auxetic out-of-plane behavior. Indeed, we show that by appropriately tuning two material parameters, we may achieve all the possible values that the bending Poisson coefficient may take. To the best of our knowledge this is the first designed material with a non-auxetic in-plane behavior that has a synclastic plate behavior.
The first experimental evidence on the existence of 3D materials with a negative Poisson ratio was given for cubic crystals of pyrite by Love in 1927 [23] . Other natural materials with a negative Poisson ratio include silicates [33] , zeolites [19, 20] , and ceramics [30] . The term auxetic was introduced in [12] , while Lakes [21] was the first to design an auxetic material consisting of a reentrant foam. Since then, materials with a negative Poisson ratio have been thoroughly analysed and designed: we refrain from referring to the huge literature and we limit ourselves to cite a few recent papers and reviews [13, 18, 28, 34, 4, 22, 5] .
Most often, auxetic materials are metamaterials, namely engineered materials whose peculiar properties are determined by the geometric structure rather than the intimate constituent of the matter. This kind of materials has received a great deal of attention for their importance in the development of the next generation of actuators, sensors, and smart responsive surfaces [29, 2] .
The microstructure that we propose is reminiscent of, and inspired by, that of graphenea two-dimensional material having a honeycomb pattern. Generally speaking, honeycomb structures have huge engineering applications thanks to their low density and high stiffness [3, 32, 7] . At variance with the common honeycomb structures, the lattice material that we consider is composed of pin-jointed rigid sticks arranged in a hexagonal pattern, pairwise connected by angular springs; each stick is the center of two C-shaped sequences of sticks with dihedral springs, storing energy whenever a change of the dihedral angles spanned by the Cshaped sequence occurs. The presence of dihedral interactions is the first peculiar character of our material and descends from the study of the intimate composition of graphene; in this material, this interaction has indeed a crucial role in the development of its extraordinary mechanical properties [24, 15] .
The second peculiar character of the material we propose stems form the observation that graphene does not have a configuration at ease. Indeed, the angular springs are supposed to be not stress-free in the regular hexagonal pattern: we take this into account by introducing a so-called wedge self-stress. Hence, we have here three lattice material parameters: the elastic constant of the angular springs k ϑ , the elastic constant of the dihedral springs k Θ , and the wedge self-stress τ 0 . As shown in [11] , the constant k ϑ has influence only on the in-plane behavior, while k Θ and τ 0 determine the bending stiffness and the bending Poisson coefficient. At variance with graphene, where the bending Poisson coefficient is determined by the chemical-physical interactions and turns out to be positive [9] , in our metamaterial, by tuning the value of k Θ and τ 0 in the manufacturing process, the bending Poisson coefficient is allowed to take all the admissible values, in particular the extreme ones −1 and +1.
The paper is organized as follows. In Section 2 we describe the energies of a plate-like 2D body, introduce the notion of membranal and bending Poisson coefficient and provide for them the constraints they have to satisfy. In Section 3 we introduce the microstructure of the metamaterial we propose, and we define their energetic membranal and bending contributions. In Section 4 we determine the continuum limits of both Poisson coefficients. In Section 5 we collect some numerical results validating our theory, by adopting a computer code ad hoc developed.
Poisson coefficients in plate theory
In this section we introduce the energies governing the in-plane and the out-of-plane displacements of a body occupying a two-dimensional region Ω and deforming in the threedimensional space. Hereafter, this body is simply called plate. Besides introducing the notation used throughout the paper we discuss the constraints that the material parameters have to satisfy.
In-plane displacements for two-dimensional bodies
The in-plane energy of a homogeneous and isotropic elastic plate, occupying the region Ω ⊂ R 2 , is defined by
where u is the in-plane infinitesimal displacement, E = 1/2(∇u + ∇u T ) is the strain, E is the stretching stiffness, and ν (m) is the membranal Poisson coefficient. One easily checks that the energy density
is strictly positive definite, i.e., Q (m) (A) > 0 for every A = 0 , if and only if
The well-known membranal Poisson coefficient is the negative of the ratio of the transversal strain to the axial strain for a uniaxial stress state.
Out-of-plane displacements for two-dimensional bodies
The out-of-plane energy of the plate, supposed isotropic and linearly elastic, can be given the general form
where w is the out-of-plane displacement, D is the bending stiffness, and
we may also write
The total energy of the plate has a minimizer, in the appropriate space and under the action of regular forces and suitable boundary conditions, if and only if the quadratic form Q (b) is strictly positive definite. One verifies that this condition holds if and only if
To understand the physical meaning of the bending Poisson coefficient, take Ω to be a rectangle and the x and y axes along the edges of the rectangle:
with a and b two positive constants denoting the side lengths of the rectangle. We denote by M x the bending moment per unit length acting on the edges parallel to the y axis, i.e., acting on {0} × (0, b) and on {a} × (0, b). Then, up to an infinitesimal rigid translation, the displacement that the plate undergoes is:
see equation (d) of section 11 of [31] . From (5) we infer that
that is: the bending Poisson coefficient is the negative of the ratio of the transversal curvature to the axial curvature for a uniaxial bending state. From (6) we deduce that:
• if 0 < ν (b) < 1 the curvatures have opposite signs and hence the plate deforms in an anticlastic surface, Fig. 1(a) ;
• if ν (b) = 0 the curvature in the y direction is null and hence the plate assumes a cylindrical configuration (monoclastic surface), Fig. 1(b) ;
• if −1 < ν (b) < 0 the curvatures have the same sign and hence the plate deforms in a synclastic surface, Fig. 1(c) . Equation (5) shows that the extreme values of ν (b) , determined by (4) 2 , are problematic. Indeed, one checks that for ν (b) = −1:
and hence
Similarly,
According to (7) we have that if ν (b) = −1 we may produce synclastic deformations of the plate of type
with α ∈ R, without paying any energy, i.e., Q (b) (∇ 2 w − ) = 0. Fig. 2(a) shows the level curves of the bending energy U (b) , for a fixed D, computed for w − as in (9); increasing α corresponds to an higher curvature, see Fig. 2 Similarly, from (8) , if ν (b) = 1 we may produce anticlastic deformations of the plate of type
with α, β ∈ R, without paying any energy. Fig. 3(a) shows the level curves of the bending energy U (b) , for a fixed D, computed for w + as in (10), where we have set β = 0; increasing α corresponds to an higher curvature, see Fig. (3(b) ). When ν (b) = 1, increasing the curvature does not change the energy.
Three-dimensional theories
We here consider a three-dimensional body with a linear and isotropic constitutive equation. We denote by E the Young modulus and by ν the Poisson coefficient. It is well known, that these parameters have to satisfy the following constraints: If the region occupied by the body is the cylinder Ω × (−h/2, h/2), with the thickness of the cylinder h much smaller than the diameter of Ω, it seems reasonable and convenient to approximate the three-dimensional elastic problem with two-dimensional problems. This procedure can be achieved in several ways [27, 6, 25, 26] , and leads to problems (1) and (3),
and
Hence, we see that if the two-dimensional theories are derived from 3D elasticity, there is no distinction between membranal and bending Poisson coefficients. Moreover, from (11), (12) , and (13), we obtain E > 0, D > 0, and
In particular, the constraints imposed by the three-dimensional theory on the Poisson coefficients are more restrictive than those obtained from the two-dimensional theories.
In what follows we show how to design a two-dimensional material (hence the constraints (14) do not hold) with a microstructure that leads to a membranal Poisson coefficient ν 
Microstructure of the metamaterial: geometry and energetics
The lattice material we consider is composed of pin-jointed rigid sticks arranged in a hexagonal pattern, pairwise connected by angular springs; each stick is the center of two C-shaped sequences of sticks (see Fig. 4 a) and we consider dihedral springs, storing energy whenever a change of the dihedral angles spanned by the C-shaped sequence occurs.
(a) We can describe this array as a 2-lattice composed of two Bravais lattices:
simply shifted with respect to one another. In Fig. 4 the nodes of L 1 are represented by blank circles and those of L 2 by black spots. In (15) , denotes the lattice size, while d α and p respectively are the lattice vectors and the shift vector, with:
where e 1 and e 2 are two orthonormal vectors spanning the plane containing Ω with unit normal e 3 . The sides of the hexagonal cells in Fig. 4 are represented by the vectors
We consider a bounded lattice of points
We assume that the stored energy is given by the sum of the following two terms:
U ϑ and U Θ are the energies of the the wedges and the dihedra, respectively; ϑ denotes the angle between pairs of edges having a lattice point in common and Θ the C-dihedral angles between two consecutive wedges. Moreover we consider the possibility that the wedge springs are not stress-free in the reference configuration, i.e. ϑ nat = 2/3π + δϑ 0 , with δϑ 0 = 0, is the angle at ease between consecutive edges. As a consequence, the wedge energy (18) 1 , up to a constant, takes the form
the wedge self-stress.
Remark 1 This microstructure is reminiscent of, and inspired by, that of graphene, a wellknown two-dimensional material with non-auxetic behavior both in plane and in bending. In graphene, dihedral energetic contributions are crucial, even if in that case interactions are more complex and the C-shaped dihedral angles, only, are not sufficient to account for the real behavior. A more general continuum model has been deduced in [11] and [10] starting from a discrete energy that includes, in particular, the contributions envisaged in (18) . Some cumbersome computations in common with the present work and here omitted are fully detailed there.
We approximate the strain measures to the lowest order that makes the energy quadratic in the displacement field. It is then possible to show (cf. [11] ) that the energy splits into two parts: one -the membranal energy U (m) -depends on the in-plane displacement and the other -the bending energy U (b) -is a function of the out-of-plane displacement w :
In particular, we have that
where
is the self-energy associated to the self-stress τ 0 . In (21) δϑ (1) and δϑ (2) are the first-order and the second-order variation of the wedge angle with respect to the reference angle 2 3 π. Hereafter we write explicitly the dependence on w of the strain measures. In particular, by Θ p
, with x ∈ L 2 ( ), we denote the angle corresponding to the dihedron with middle edge p i and oriented as e 3 × p i , while Θ p − i
[w](x ) is the angle corresponding to the C-dihedron oriented opposite to e 3 × p i (see Fig. 5 for i = 1). 
(blue) .
In [11] it has been shown that the dihedral energy can be written as:
with the change of dihedral angles given by:
To make notation simpler, in the preceding equations we have omitted the symbol δ in denoting the variations of the dihedral angles; we will do the same throughout the paper, without any further mention. Concerning the self-energy, (22) becomes:
where:
For detailed computations, the reader is referred to [11] .
Remark 2 For the synclastic deformation w − defined in (9), simple computations show that the dihedral energy is null:
for every . We recall that in a plate with bending Poisson coefficient ν (b) = −1, the displacement w − may be produced without paying energy. The same then happens in the discrete case when the self-stress is absent. We will see that this similarity is a sign that the discrete dihedral energy alone will lead, as goes to zero, to a plate model with bending Poisson coefficient equal to −1.
Equation ( 2 ), we calculate that
Hence, by using (24), we find Θ p
Remark 3 As in Remark 2, for the anticlastic deformation w + defined in (10) we have that the self-energy is null:
for every . In the next section we show that the self-energy alone will lead to a plate model with bending Poisson coefficient equal to 1.
Poisson coefficients of the metamaterial 4.1 Membranal Poisson coefficient
As stated in (21) 1 , the membranal energy depends just on the first-order variation of the wedge angle, while the dihedral energy and the self-energy do not play any role. The microstructure is then equivalent to that of rigid hexagonal pin-jointed sticks with rotational springs. It is known that, in this case, the membranal Poisson coefficient is
see e.g. [16, 17, 1] .
Remark 4 Indeed, according to an asymptotic model for the in-plane deformations of a monolayer graphene sheet in which the axial deformability of the sticks is taken into account, see [8, 1] , the membranal Poisson coefficient is given by the formula
where k l is the axial stiffness. On tuning the value of the stiffnesses, it is then possible to get an in-plane non auxetic material (for large k ) or an in-plane auxetic material (for large k ϑ ); for instance, if k ϑ → ∞, the membranal Poisson coefficient ν (m) → −1/3 and the material is auxetic.
Bending Poisson coefficient
The continuous bending energy can be deduced from the discrete energy U (b) by letting the lattice size go to zero so that L 1 ( ) ∪ L 2 ( ) invades Ω. The limit turns out to be
For detailed computations, the reader is referred to [11, 10] , where, in a different context, a more general case is treated. By comparing (30) and (3), we find that the bending Poisson coefficient is
and the bending stiffness
The expressions (32) and (33) explicitly show the origin of the continuum material parameters ruling the bending behavior of the metamaterial we consider. In particular, the selfstress τ 0 and the dihedral stiffness k Θ completely determine the response to bending. On tuning their magnitude, it is possible to design a metamaterial that has non-auxetic in-plane behavior, but it is able to attain all the admissible values of ν (b) . It is worth noticing that none of the parameters that determines the membranal Poisson coefficient (29) affects the bending Poisson coefficient, revealing that these two parameters are indeed independent. As a consequence, a wide variety of mechanical metamaterials can be designed with in-plane auxetic and out-of-plane non-auxetic properties, or vice-versa.
With reference to the out-of-plane behavior, the following cases can be obtained:
The material has then an auxetic out-of-plane behavior, while keeping a non-auxetic in-plane behavior.
(ii) ν (b) = 1, if the dihedral stiffness is null.
The material is then non-auxetic both in plane and in bending.
(iii) Let τ 0 = 0, k Θ = 0, and set τ 0 = −ξk Θ , ξ > 0. Then, the bending Poisson coefficient can be written in the form
and we have
In Fig. 6 the bending Poisson coefficient is plotted in terms of τ 0 , for fixed values of k Θ . For k Θ > 0, the self-stress yields an increment of ν (b) and then the material tends more and more to form an anticlastic surface. Unlike the membranal Poisson coefficient, tuning ν (b) has relevant consequences on the bending stiffness D, as revealed by Fig. 7 , which illustrates the dependence of D on ν (b) , for different values of the selfstress τ 0 . In particular, we find that increasing ν (b) produces a more and more accentuated monotonic softening effect in the bending stiffness, which approaches the value −τ 0 /2. On the contrary, increasing the self-stress mitigates the softening.
Numerical results
In this section we collect some numerical results validating our theory. We solved a set of discrete problems with different values of τ 0 and k Θ and lattice length , with the purpose to compare the continuum material parameter ν (b) with the predictions computed in the discrete framework.
In [14] a theory of self-stressed elastic molecular structures has been presented, and an ad hoc computer code has been developed. We here have specialized that code to the specific geometry considered and generalized the strain measures adopted, in order to include the dihedral contribution, formerly disregarded.
We considered a rectangular sheet composed of 2n − 1 cells in e 1 direction and n cells in e 2 direction (see Fig. 8 ). In order to simulate bending, on two opposite sides of the sheet we applied a system of forces statically equivalent to distributed couples. In the simulations, the dimension of the sheet has been kept constant, while n has been progressively increased.
The comparison between discrete and continuum parameters has been achieved as follows. For a fixed n, the nodal displacements w of the points A, B, D and E have been determined. The polygonal chain has been interpolated by a second-order polynomial function w y (y), which approximates w(a/2, y). Similarly it has been done with the displacements of the points F , G, C, interpolated by a second-order polynomial function w x (x), which approximates w(x, b/2). On recalling (6), we have defined the discrete bending Poisson coefficient as
This value is then compared with the result inferred from (32) . In table 5 we have collected the numerical results obtained. We notice that, increasing n, the value provided by (34) better and better approximates the continuum limit (32) .
Numerical results show that the evaluation of the overall response to bending is very well approximated by the formula (32) , even in the case of a small number of cells. This leads to conclude that, in the design process of such a metamaterial, the lattice size is not crucial. It is worth noticing that the percentage error between discrete and continuum evaluation is less relevant when the extreme cases ν (b) = ±1 are considered. For n = 6, we have represented the deformed shape of the sheet. Figs. 9(a) and 9(b) show two views in the plane x − z and y − z, respectively, when ν Table 1 : Comparison between the bending Poisson coefficient ν (b) computed as in the continuum limit (32) and the discrete evaluation resulting from (34) . 0 is represented in Fig. 10 . The surface is essentially monoclastic. 
